Quantum scattering is studied in a system consisting of randomly distributed point scatterers in the strip. Varying the density of scatterers we investigate a transition between the diffusive and the localized regimes. By considering the cylinder geometry and introducing the magnetic flux we are able to introduce the time reversal symmetry breaking into the system. Both macroscopic (conductance) and microscopic (eigenphases distribution, statistics of S matrix elements) characteristics of the system are examined. The model may be relevant for experimental studies of scattering in disordered media. 72.20.Dp,05.45.+b,72.10.Bg. 
I. INTRODUCTION
The problem of quantum chaotic scattering is recently of a considerable interest, since it arises in many different branches of physics. Certain examples of systems displaying this phenomenon are known in nuclear, atomic and molecular physics, as well as in mesoscopic physics [1, 2] .
Many fundamental questions have been originally put forward in solid state physics, most notably those related to random potentials in mesoscopic samples of crystalline structure [3] . The advent of technology in preparing multi-layer semiconductors made feasible experiments with quantum chaotic scattering on impurities in mesoscopic samples like quantum wires and dots, where such processes like Aharonov-Bohm or quantum Hall effects can be investigated. The theory of quantum mesoscopic transport in last years was enriched by application of random matrices [4, 5] . A recent review on this subject is given by Bennakker [6] , while Efetov [7] presents in his book applications of supersymmetric techniques to problems of chaos and disorder.
Not only transport phenomena related to electrons were under experimental and theoretical scrutiny. A great deal of effort by theorists and experimentalists has been devoted to the electromagnetic wave transport through microwave cavities and guides [1, 8, 9] . Phenomena related to chaotic scattering on obstacles in disordered mesoscopic samples or microwave guides may be understood in the semiclassical terms [10] . If there are a few scatterers only, the electron transport (ingoing wavefunction) is weakly distorted -the motion in a classical sense is regular and the corresponding quantum probability flow is laminar [11] . The increase of the number of obstacles inevitably leads to more frequent scattering events, which as a result substantially suppresses the transmission through the interaction region. The mean-free path between subsequent scattering events, l e , is much less than the size of the interaction region, L, and the probability flow becomes turbulent. Further increase of the number of obstacles results in highly complex scattering processes which are essentially chaotic. There is strong coupling and mixing among input channels. Almost all the wavefunction is reflected backwards to the incoming channels. In other words, the wavefunction is localized in a region of a size ξ, which is smaller than the size of the sample.
Processes of chaotic scattering in the diffusive regime, can be described via random unitary matrices of circular ensembles [4] . Depending on the symmetry properties of the system one of three canonical ensembles of Dyson [12] should be applied to represent a typical S -matrix. Circular orthogonal ensemble (COE) is used to describe statistical properties of time reversal systems while circular unitary ensemble (CUE) is suitable for a system with no time reversal symmetry [13] . Moreover, for a problem of non relativistic wave scattering in irregularly shaped cavities, it was shown by Brouwer [14] that the S-matrix pertains to an appropriate circular ensemble if the Hamiltonian describing the bounded system and the interaction terms are represented by random matrices of Gaussian ensembles. This result was obtained under the assumption that the coupling of the bound system and the continuum is an ideal one.
While properties of chaotic scattering in the diffusive regime may be successfully described by scattering matrices of the canonical circular ensembles, much less is known about properties of S matrices in the localized regime. A transition from the diffusive to the localized regime has been recently studied in a variety of random matrix models, e.g. using the banded matrix approach [15] . One may question, however, the validity of the random matrix theory (RMT) to the quantum scattering in the regime where the conductance almost vanishes [6] . In this paper we address more detailed questions concerning the properties of the model system in various regimes of the scattering process. We investigate a realistic model of quantum scattering, which has already been introduced in [16] . It consists of a two dimensional strip with randomly distributed N point scatterers and is capable to illustrate the behaviour of the S-matrix in the transition between the diffusive and the localized regimes. Changing the geometry of the system into a cylinder and admitting for magnetic flux inside it, one can also study effects of the time reversal symmetry breaking. In this model, we investigate macroscopic properties of the system like electronic conductance G, as well as microscopic properties like various statistics of the scattering matrix S.
The paper is organized as follows. Section II gives an overview of the both cases of the model: with and without magnetic field. Section III is devoted to the diffusive regime of the chaotic scattering, while the localized regime is investigated in Section IV. Finally, the last section brings the summary and conclusions.
II. QUANTUM SCATTERING ON POINT-LIKE IMPURITIES
A disordered mesoscopic sample is modelled by a two dimensional hard-wall strip with a finite number N of point scatterers [16] . The strip has a fixed width W , which is set to π for simplicity. The point scatterers are randomly and uniformly distributed inside the strip over the region of length L as shown in Fig. 1a .
Dynamics of the electrons in the model is governed by the Hamiltonian which in the unitsh/(2m) = 1 can be heuristically (see [16] for a more rigorous treatment) written as
The scattering points x j = (x j , y j ) belong to the rectangle (0, L) × (0, π), and the real coefficients α j may be regarded as coupling constants. It is assumed that the scattering in the strip is elastic and the wavefunction vanishes on the horizontal strip boundaries (hard walls)
The number of channels M in which electron may enter the system from each side is equal to the integer part of the length of the total wave vector k of incoming electron. Let a l in and a r in denote the M-component vectors representing the waves incoming from the left and the right side of the strip (depicted in Fig. 1a as the two incoming arrows from both sides of the strip). The outgoing waves (shown in Fig. 1a by the two arrows outgoing from both sides of the strip) are described by a l out and a r out , respectively. The scattering process can be described by a 2M × 2M unitary matrix S. It relates the amplitudes of incoming and outcoming waves {a 
where r and r ′ are reflection matrices and t, t ′ are transmission sub-blocks of the size M. In our model explicit formulae for the elements of the matrix S are available [16] 
and
where E is the energy of incident electrons. The N × N matrix Λ(E) is given by its elements
The longitudinal momentum k n fulfills the relation
and for n ≫ k becomes imaginary (k n ∼ in), what makes the series (6) convergent. Conductance in the strip can be approximated by the Landauer formula, designed for spinless particles
where
, so the transmission (reflection) coefficients for electrons entering the strip from both sides are equal. In the following we work in dimensionless units and omit the proportionality factor G 0 .
In order to break the time reversal symmetry we introduce magnetic field into the model [16] . It is convenient to modify the strip with scatterers into a cylinder of length L and perimeter 2π, as shown in Fig. 1b . Periodic boundary conditions read
where Φ B is the magnetic flux inside the cylinder. Since the cylinder can be mapped onto the rectangle Ω = [0, L]×[0, 2π), the results obtained in the case of the strip can be modified accordingly -for more details see [16] . The longitudinal momentum depends in this case on the magnetic flux, so Eq.(8) has to be replaced by
Let us point out that this model is continuous and explicitly solvable. This makes it useful for studying the statistical properties of the S-matrices and for analysis of conductance in disordered mesoscopic media. Dependence of the boundary conditions (10) on the magnetic flux Φ B breaks down the time reversal symmetry in the second case of the model.
In order to get a proper statistical sample of data we average the studied properties over several realizations of random positions of N scattering points for both versions of the model (the strip and the cylinder with magnetic flux). In our calculations we choose the local density of the scattering points to be constant. Hence a change of the length of the strip L corresponds to an appropriate change of the number N of the point scatterers. For simplicity we put L = N and fix the value of the coupling constants α j → ∞ (1/α j =const= 0). By increasing the number of the point obstacles N, one can perform the transition from the diffusive to the localized regime of the model.
III. DIFFUSIVE REGIME
Statistical properties of a matrix S describing a process of chaotic scattering may be represented by random matrices of circular ensemble of Dyson [12, 13] . For systems with the time reversal symmetry the circular orthogonal ensemble (COE) should be used, while the circular unitary ensemble (CUE) is appropriate for systems without the time reversal symmetry [1] .
In the diffusive regime the mean conductance and its variance is given by [6] 
where the level repulsion index β equals to 1 for the COE and 2 for the CUE. We start the numerical studies of our model with the identification of the diffusive regime. For several values of the wave number k, which fixes the number of the incoming channels M and therefore the size, 2M × 2M, of the S-matrix, we have studied the dependence of mean conductivity and its variance on the number of scatterers N. For M = 5 an universal COE regime can be identified for N ≈ 10 − 30. Statistical properties of the S matrix for these parameters of the model conform to the prediction of random matrices. In particular we have verified that the level spacing distribution P (s) obtained numerically out of 10 3 scattering matrices displayed linear (quadratic) level repulsion for the model without (with) magnetic flux and fitted well to the COE/CUE results [13] . Also the number variance Σ 2 (d), which reflects the long range correlations of the spectra, has been found to obey predictions of both circular ensembles given in [13, 17] .
We found it interesting to analyze the statistical properties of the elements of the numerically obtained S matrices. The mean squared modulus of matrix elements averaged over COE/CUE reads (eg. [6] )
with β = 1 and 2 for COE and CUE, respectively. The presence of an enhanced diagonal in this distribution is a distinct footprint of the time reversal symmetry. The phenomenon of the enhancement by factor 2 of the reflection to the same channel in comparison to the reflection to any other channel has been earlier studied in [18, 19] . In Fig. 2 the scattering probabilities |S mn | 2 , averaged over an ensemble of 10 3 S-matrices and obtained for the geometry of the cylinder are presented for the case corresponding to the fixed momentum k = 10.5708 and N = 200 scatterers. Indeed, the enhancement of the backscattering to same channel is clearly visible in the case of zero magnetic flux (see panel (a) -the anti-diagonal of the reflection sub-blocks rather than the diagonal elements are two times larger than the off-diagonal elements due to the choice of the channel basis representation [16] 
predicted for localized regime [6, 20] as shown in the inset with a solid line. In fact, the linear regression fit for the numerical data yields slightly smaller value 1.90 ± 0.09 of the slope. In order to get more insight into the problem let us now examine the distribution of the conductance. According to the prediction of the RMT [6, 20] in the diffusive regime the distribution of the conductance, P (G), is Gaussian for a large number of channels M ≫ 1. An exemplary data for such a case are displayed in Fig.4a , where the results are shown for N = 20 scattering points and the momentum k = 5.5708 (M = 5).
Increasing the number of the scatterers (and the length of the strip) the distribution P (G) changes and in the localized regime can be approximated by a log-normal distribution [6, 20] 
with the mean and the variance related by Eq. (15) . This is so due to the nature of the localization, where the total wavefunction can be super-imposed of partial wavefunctions, which have very small overlaps. Thus, the total transmission probability is given by a product of component transmissions, what explains the Gaussian distribution of logarithms of the conductance. Figure 4 presents the distribution of conductance for three different numbers of scatterers and for momentum equal to k = 5.5708. Panel 4(a) shows results obtained for N = 20 what corresponds to the diffusive regime [16] . The data obtained of 10 4 realizations of the Smatrix are plotted in a linear scale and the smooth solid curve shows a Gaussian with numerically found mean and variance of the conductance. Fig. 4(b) and Fig. 4(c) show the distribution of the logarithmic conductance, P (ln G), for N = 200 and N = 400, respectively. The latter case corresponds to the localization regime and the distribution reveals features of the log-normal distribution (16).
B. Scattering matrices in the localized regime
Let us discuss the limiting case of extreme localization. The incoming wave is fully reflected, that is t,t ′ ≈ 0 and the reflection sub-blocks r,r ′ are unitary. The reflection is a result of complicated scatterings, hence both matrices r,r ′ itself belong to the COE (or CUE for the cylinder model with magnetic field). The scattering matrix S, given by Eq. (3), consists of two independent diagonal blocks, each pertaining to an appropriate circular ensemble. Spectral properties of the entire S matrix correspond, therefore, to a superposition of two independent COE (or CUE) spectra. Level spacing distribution for such a case does not reveal the effect of level repulsion but is described by the Berry-Robnik distribution [21] for two disconnected chaotic regions of equal volume.
Let us point out that the choice of the initial basis leading to the particular form (3) of the scattering matrix is somewhat arbitrary. Taking a different order of components in the vector describing the outgoing wave we may write {a 
Let us stress that the both forms (3) and (17) describe the same physical phenomenon. While in the diffusive regime the statistical properties of S and S ′ are equal this is not true in the localized regime. To see that consider again the case of extreme localization, for which t, t ′ ≈ 0. The matrix S ′ consists of two off-diagonal unitary blocks r and r ′ . We show in the appendix that the eigenvalues of such a matrix are given by
If unitary matrices r and r ′ pertain to the CUE, so does its product rr ′ . The spectrum of S consists therefore of two replicas of a CUE-like spectrum, rescaled by the factor of two.
In the time reversal version of the model the reflection matrices r and r ′ can be described by the COE. In [22] it was shown, using the concept of composed unitary ensembles, that in such a case the product rr ′ does not pertain to COE but displays the COE-like spectrum. Thus the local statistical properties of S ′ (analyzed at the scale of some mean level spacings d ≪ M) are the same as those of the corresponding circular ensembles, in contrast to the properties of S. We see, therefore, that the spectral properties of S and S ′ are different. The same must be true, by continuity, also in a moderately localized regime. Consequently, in the localized regime the physical information is contained in the M × M matrices r, r ′ , t, t ′ , while the statistical properties of the S matrix depend on the way, in which it has been constructed.
Our numerical results show that the level spacing distribution P (s) obtained of eigenphases of S ′ is close to the Wigner for any number of scatterers N ≥ 20. In the localized regime (N ≈ 400) a small difference with respect to the predictions of random matrices can be detected by studying the long range correlations. For example, the number variance
The spectrum of S ′ is close in this case to the one obtained for the extreme localization, which consists of two replicas of the same sequences of spacings.
C. Reflection matrices in the localized regime
In the extreme localized case, the transition matrices vanish t = t ′ = 0 while both reflection matrices r and r ′ are unitary. For a more realistic case of non-zero conductivity, the moduli of eigenvalues r i of the reflection matrix become less than one. The eigenvalues of the reflection matrix do not have a direct physical interpretation. On the other hand, they provide a lower bound for the conductivity. For any M × M matrix A, its eigenvalues a i and its singular values b i [defined in such a way that the absolute values of the real eigenvalues of the hermitian matrix AA † are equal to b
with equality if and only if A is normal [23] . The conductivities in each channel G i , being the eigenvalues of the Hermitian matrix tt † or of 1 − rr † , are thus equal to the squares of the singular values of the matrix t (or t ′ ). The total conductance G = i G i is therefore not larger than
and not smaller than the sum of squared eigenvalues of the transmission matrix
. Statistical properties of the reflection matrix r can be compared to these of non unitary Floquet operator describing damped evolution of a chaotic kicked top investigated by Grobe and Haake [24] . During the transition from localized to diffusive regime unitarity of r is lost and the mean modulus of r i decreases. In the pure diffusive regime r becomes a quarter of an unitary matrix pertaining to the one of canonical circular ensembles. This provides a motivation for analysis of ensembles of random matrices defined in this way (or more generally, as a M × M submatrix of the N × N unitary matrix of COE/CUE with the ratio µ = M/N fixed, 0 < µ < 1). Results of our numerical computations seem to suggest that in the limit of large matrices the spectral properties of this ensemble become close to these typical of Ginibre ensemble [24] . Figure 5 shows the distribution of moduli of the eigenvalues of the reflection matrices r obtained for 10 3 matrices of size M = 5 corresponding to the time reversal problem of scattering on the strip. In the figure, the thin solid line shows the distribution obtained for N = 15, whereas the thick solid line presents the case for N = 20 scattering points. For the diffusive regime (e.g. for N = 20) the distribution is similar for small R to this obtained for quarters of COE matrices of the same size (denoted by asterisks). However for larger values of R a quite significant discrepancy is present between the result of the strip model and the result of the RMT for the COE ensemble. In particular, the maximum of the distribution corresponding to the strip model is shifted towards smaller values of R with respect to the result predicted on the grounds of the RMT. Similar calculations performed for other values of N taken from the interval (15, 30) show even more severe discrepancies with the COE prediction. Hence, although the distribution of the conductance is a Gaussian one for this diffusive regime and there is an approximate agreement of the G and σ 2 (G) obtained from the model with those resulting from the COE prediction, other signatures of the strip model behaviour reveal important differences with those yielded by RMT predictions. This, we believe, imposes some limitations as to the extent in which the standard RMT can be applied to the strip model and other similar models which display "apparent" agreement with simple RMT statistics.
With an increase of the scatterers number N the distribution P (R) shifts to the right and in the localized case tends to a delta peak at R = 1.
V. CONCLUSIONS
In this paper we have discussed quantum chaotic scattering and the transition from the diffusive to the localized regime in explicitly solvable model of point scatterers in the strip. The model reproduces Gaussian distribution of the conductance in the diffusive regime and the log-normal distribution when the number of point scatterers is large enough to reach the localization regime. The number of point scatterers which is sufficient for modelling the localized regime strongly increases with the momentum of the incident electron.
We find that the statistics of eigenphases of the S-matrix is of the Wigner type not only, as expected, in the diffusive regime, but under a certain structure of the S -matrix may also appear in the localized regime. This is in contrast to the case of quantized autonomous chaotic systems for which dynamical localization manifest itself by Poissonian like level statistics [25] . Our results demonstrate, therefore, that the spectral properties of the scattering matrix cannot be used as a criterion of localization. In addition, we stress that even such a simple model like that considered in this paper, can show some important disagreements with the RMT predictions.
Finally we emphasize that present model is explicitly solvable and therefore easy for theoretical studies. It also seems to be suitable for experimental measurements. The model allows one to describe a magnetic flux and the effects of gradual breaking the time reversal symmetry might further be investigated. It is also possible to introduce a geometric reflection symmetry (for example by drawing randomly the position of N/2 scatterers only and taking the remaining half as their mirror image with respect to the symmetry line) and analyze the symmetric case discussed in [26, 27] . Similarly the model may be used to analize other statistical properties such as the distribution of Wigner time-delays [28] or parametric properties of the S matrix. 
